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work is in the Instructions and guidance for your remote examination document 
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Part 1 


You should submit answers to all questions from Part 1. 


Each question is worth 10%. 


Question 1 
Let a = 3 —3ivV3. 


(a) Determine each of the following complex numbers in Cartesian 
form, simplifying your answers as far as possible. 


i = 


(ii) a? 
(iii) Log a? 
(b) Find all the fourth roots of a in polar form. 


Question 2 
(a) Let T be the smooth path 
[: y(t) =2e" (te [-7/2,0)). 
(i) Evaluate 


f zdz. 

T 

(ii) Using your answer to part (a)(i), or otherwise, evaluate 
i iz dz, 
r 


where T is the reverse path of F. 


(b) Determine an upper estimate for the modulus of 


[ 
7 dz, 
c 2t +12 


where C is the circle {z : |z| = 3}. 


Question 3 
(a) Find the residue of the function 
z+4 
f(z) _ z3 +z 


at each of its poles. 


(b) Hence evaluate the real improper integrals 


t4 S /t+4 
i a cos 2tdt and i BY sin 2t dt. 
NB +t SSAP ET 
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Question 4 


Let f be the Mobius transformation 


z+í 


and let C = {z : |z — i| = 2}. 


(a) Find the point 8 such that a = co and 8 are inverse points with 
respect to C. 


(b) Determine an equation for the image circle f(C) in 
Apollonian form. 


(c) Find the centre and radius of f(C). 


Question 5 

(a) Let q be the velocity function 

A 

z+í 

for an ideal flow with flow region C — {i}. Use the Circulation and 
Flux Contour Integral to classify 7 as a source, sink or vortex of the 


q(z) = 


flow. 
(b) Let R = {z: Rez < 0} —{-1}. Use the Joukowski function to find 
a one-to-one conformal mapping from R onto C — [—2, 2]. 
Question 6 


(a) Prove that the iteration sequence 
Zn+1 = (izn — 1) (zn + 21), n=0,1,2,..., 
with z = 0, is conjugate to the iteration sequence 
m= 0; l; 2 


EEP E 
Wn+1 = Wy — qs 


with wo = —2. 


State the conjugating function. 


(b) Determine whether or not each of the following points c lies in the 
Mandelbrot set. 
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Part 2 


You should submit answers to two questions from Part 2. If you 
submit answers to all three Part 2 questions, then only Questions 7 
and 8 will be marked. 


Each question is worth 20%. 


Question 7 

(a) Let 
A={z:-2< Rez < 2, —3 < Imz < 3}, 
B={xz+2i:x >0}, 


C=C-B. 
(i) Sketch the sets AN B and ANC. [4] 
(ii) Determine whether or not the function f(z) = sin(z — 27) is 
bounded on each of the sets A, B and C. [6] 


(b) Use the Cauchy—Riemann Theorem and its converse to prove that 
the function 


f(z) = (Re z) exp(2) 
is differentiable at z = -4 + iy for any y € R and nowhere else. 


Hence find the derivative of f at the point z = —ż. [10] 
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Question 8 


(a) Find the radius of convergence of each of the following power series. 


@) Pete ap 


(ii) X (8n? — 5n + e™)(z — 3i)” 


n=0 


(b) (i) Find the Taylor series about 0 for the function 
g(z) = cos(sinh z), 


up to the term in 24. 
Explain why the series represents g on C. 


(ii) Hence evaluate the integral 


[ 29(3/2) dz, 


where C is the circle {z : |z| = 1}. 


(c) Suppose that f is an entire function that satisfies 


1 1 
(5) = 
for all n € Z. 


Find an entire function that satisfies this property, and prove that 
it is in fact the only entire function with this property. 


Question 9 


(a) (i) Use the Taylor series about 0 for sin and sinh to prove that 
jsinz| < 3, for |z| = 1. 


(ii) Use your answer to part (a)(i) and Rouché’s Theorem to find 
all the solutions of the equation 


2z +sinz =0 
in the open unit disc {z : |z| < 1}. 
(b) Determine 
max{|z expliz? — 2)| : |z| < 3}, 
and find all points at which the maximum is attained, giving your 


answers in Cartesian form. 


[END OF QUESTION PAPER] 
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